A subset A of R™ has (n-dimensional) measure 0 if for every

€ > 0 there is a cover {U,,U,,U3, 4/}_ of A by closed rec- ,
tangles such that 2. ,0(U;) < e z\ It is obvious (but never- /"
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A subset A of R™ has (n-dimensional) content 0 if for every

€ > 0 there is a@cover {Uy, . .. ,U,} of A by closed closed ;. Spein
rectangles such that 2 ,v(U;) < &. If A has content 0,
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1. Let f be a bounded integrable function on R. Prove that for any ¢ > 0, there exists some
d > 0 such that whenever P is a partition of R with diam(Q) < ¢ for all Q € P, we have
U(f,P) —L(f,P) <€

Hint: Let R = [a1,b1] X - -+ [an, by] and w = max; |b; — ai|. For any partition P with diam(Q) < &
for all Q € P, if we take a refinement P’ of P by adding one more grid point to |a;, b;] for some
i, then we have L(f,P') < L(f,P) + 2Méw" ! where M > 0 is a global bound for |f|.

Solution. Let € > 0. By Riemann condition, there exists a partition P of R such that U(f, P) —
L(f,P) < /2. Let P be a partition of R with Iéla%c(diam(Q)) < 0. Following the hint, if P is a
€

common refinement of P and P obtained by adding the grid points of P to P, then
L(f,P") < L(f,P) +2CMéw" ",

and similarly
U(f,P)>U(f,P)—20Méw" !,

where C' is a constant that depends only on P. Thus,

U(f,P)— L(f,P) <U(f, P — L(f,P") + 4C Msw" .

U(f,P) — L(f,P) < &/2+4CMsuw" .

The proof is complete by choosing a sufficiently small § > 0.
O

. Let f be a bounded integrable function on R. Prove that for any ¢ > 0, there exists some § > 0
such that whenever P is a partition of R with diam(Q) < § for all Q € P, and z¢ € @ is any
arbitrarily chosen point inside @ € P, we have

> f(a:Q)Vol(Q)—/ fdv|<e.
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(The sum in the above expression is what we usually call the “Riemann sum”!)

Solution. It suffices to note that given a partition P and arbitrarily chosen points zg € @ for
each @) € P, we have

L(f.P) < Y flzg)Vol(Q) < U(f,P),
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